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1 Introduction 



The present paper deals with the complexity of computation of a sequence 
of Boolean matrices via universal commutative additive circuits, i.e. circuits 
of binary additions over the group (Z, +) (an additive circuit implementing 
a matrix over (Z, +), implements the same matrix over any commutative 



q \ semigroup (S, +).) Basic notions of circuit and complexity see in [3j [5]. 

Denote the complexity of a matrix A over (Z, +) as L(A). Consider a 
sequence of n x n-matrices A n with zeros on the leading diagonal and ones 
in other positions. It is known that L(A n ) = 3n — 6, see e.g. [2]. 
. In jl] it was proposed a sequence of matrices B VA ^ n more general than 

A n and the question of complexity of the sequence was investigated. Matrix 
B p ,q,n has C% rows and C% columns. Rows are indexed by g-element subsets 
of [l..n]; columns are indexed by p-element subsets of [l..n] (here [k..l] stands 
for {k, k + 1, . . . , I}). A matrix entry at the intersection of Q-th row and P-th 
column is 1 if Q R P = and otherwise. 

Consider some simple examples of B v ^ q , n . If n < p + q then B p ^ n is zero 
matrix. Evidently, E>i l n = A n . By the symmetry of definition B vqn = 



^ ■ ^q,p,n- Matrices B p ^ n and B ^ q n are all-ones row and column respectively. 



So, L(B pAn ) = CP - 1, L(B ^ n ) = 0. 

Note that by the transposition principle (see e.g. [3]) complexity of matri- 
ces B v ^ n and B q ^ n satisfies the identity 

L(B q ^^ n ) = L(Bp^ n ) + C% — C v n . 



*Research supported in part by RFBR, grants 11-01-00508, 11-01-00792, and OMN 
RAS "Algebraic and combinatorial methods of mathematical cybernetics and information 
systems of new generation" program (project "Problems of optimal synthesis of control 
systems"). 

^e-mail: isserg@gmail.com 
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It was shown in jl] that L(B Ptqn ) = 0{(n p + n q ) logn). We prove better 
bound 

L(B m>n ) < {of - 1)C* + aPC*, 

where a = 3+ 2 v ^ . This bound is linear (and consequently tight up to a 
constant factor) for a constant p and q < 0.65n. 
The following lower bound 

L(B p , q>n )>(q-p+l)"£C*-2^, 



k=0 



valid for 1 < p < q and n > p + q, shows that the complexity of B p ^ n is 
generally non-linear. For instance, one can try p and q of type | — Q(y/n) 
to obtain L{B p ^ n ) = £l(N log N), where N = C v n + G%. 



2 Algorithm 

Let us introduce some notation. Let (p, q, Sq, S) denote a set of sums Uq = 
2_j x s up, where Q C S, \Q\ = q. Thus, (p, q, 0, [l..n]) is a result of 

PCS\Q,\P\=P 

multiplication of the matrix -B P)9) „ by the vector of variables xp, P C 
\P\ =p. 

Let {p,q,0, [l..n— 1]) is already computed (with complexity L(5 Pi9) „_i)). 
We are to compute (p, q, 0, [l..n]). The computation consists of three parts. 
1. Computation of jjq, {1, n} fl Q = 0. 

1.1. Connect each input Xjijus of a circuit computing (p, g, 0, [l..n — 1]} 
with the following precomputed sum 

^{i}us + a;{n}u5, if 2 ^ 5, 

x tus>, if S =[2..k}US' and (k + l) (£ S, k<p-l. 

Tc([U]u{n}), \T\=k 

Note that in the sums above each variable X{ n y u s occurs exactly once. Thus, 
these sums can be computed with complexity C%Z\- 

1.2. Consider functioning of outputs of the transformed circuit. Take an 
output implementing a sum yq G (p, q, 0, [l..n — 1]) in the original circuit. If 
1 G Q, then functioning of the output remained intact after transformation 
since Uq depends on inputs which haven't changed. If [l..k] fl Q — and 
(& + 1) & Q, 1 < k < p — 1, then the output in the transformed circuit 
computes a sum 

PnQ=0, |P|=p, ([l..fe]U{n})!Z:P 
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To obtain a sum yg G (p, q, 0, [l.-n]) one has to add summands Xp, ([l--k] U 
{n}) C P, to the sum ([T]). At last, if [l..p] C\Q — 0, then the output correctly 
computes a sum yg G (p, g, 0, in the transformed circuit. 

1.3. For any k G [l..p — 1] compute 

(p- k- l,q- 1, [l.Jfe] U {n}, [jfe + 2..n - 1]}. 

These are all sums needed to complete sums ([I]) to obtain (p, q, 0, [l..n]). 
The complexity of the computations can be estimated as 

v 

£(-6p-jfc,g-l,n-fc-l)- 

k=2 

1.4. Add the sums computed on the step 1.3 to sums Complexity 
of this addition is the number of sums ([T]), i.e. the number of g-element sets 
Q C [2..n - 1] such that [2..p] HQ ^ 0. The latter number is C*_ 2 - C q n _ v _ x . 

2. Computation of yg, |{1, n} fl Q| = 1. 

2.1. In the current circuit consider outputs implementing sums yg G 
{p, q, 0, [l..n— 1]), 1 G Q (this outputs implemented the same sums in the orig- 
inal circuit). Each such sum can be expanded to a sum yg G {p, q, 0, 

1 £ Q, n G Q (alternatively, 1 e Q, n ^ Q), via addition of summands ip, 
1 G P, P C - 1] (respectively, n e P, P C [2..n]). 

2.2. Compute sets (p — 1, g — 1, 1, [2..n — 1]) and (p — 1, q — 1, n, [2..n — 1]} 
with complexity 2L(P p _i >g _i >n _ 2 ). 

2.3. Add the last computed sums to the sums yg G (p, q, 0, [l..n — 1]), 
1 G Q. It requires 2C^2 elementary additions. 

3. Computation of yg, {1, n} C 

3.1. Note that any g-element set Q C [l-.w], {1, n} C Q, satisfies condi- 
tion: [l../c — 1] C Q, n G Q, ^ Q for some G [2..g]. 

Let G [2.. q\. In the current circuit consider outputs implementing sums 
Vq (P; 0) [l-.n — 1]), [l..k] C Q, (H 1) ^ Q. (This set can be defined 
alternatively as (p, q — k, 0, [k + l..n — 1]).) Such sum can be expanded to 
a sum yg G (p, g, 0, [l..n]), [1..A; — 1] C Q, n G Q, k Q, via addition of 
appropriate summands xp, k G P, P C [k..n — 1]. The supplementing sums 
constitute the set (p — l,q — k, k, [k + l..n — 1]}. 

3.2. For any A; G [2..g] compute the set (p — 1, g — k, k, [k + l..n — 1]}. It 
requires complexity 

L(P p _i ig _fc in _fc-i). 

fc=2 

3.3. Add the latter computed sums to the sums yg G (p, q, 0, [l..n — 1]) 
according to the item 3.1. It requires C n _ 2 elementary additions, by the 
number of results. 
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3 Upper bound 

The argument of the previous section leads to inequality: 

L(B Min ) < L(B P ^) + CtX + C* - Cl_ p _ 1+ 

v <? 

p—k,q—l,n—k—l — l,q—k,n—k—l ), (2) 

k=l k=l 

due to identity C q n _ 2 + 2C q n Z\ + Ct_\ = C*. 

Theorem 1 Let a = ^fi. Then 

L{B M , n )<{cP-l)C* + ofiC>. 

Proof. The statement of the theorem is evidently holds when n = p + q, 
or p = 0, or q = (see introduction). Let us assume the validity of the 
statement for all triples of parameters p', q', n', where p' < p, q' < q, n' < n 
and consider the triple p, q, n. 

Put the assumed upper bounds in the second member of (J2J- To make 
calculations easier use identities: 

Cn — Cn-p-l — C*n-1 + C*n-2 + • • • + Cn-p-1 ^ (P + l)^n-l> 

The last identity allows to estimate sums in (j2J) as following: 

E ^(^- fc , g - 1>n - fe -i) < a*- 1 e crt i + cr; ( E « fc - H < 

fc=l fc=l \fe=0 / 



<°r l C£{+(^-p-l^C£l, 



E < k- 1 - 1) e crti + <%\ E « fc ^ 

fe=l fc=l fc=0 

< (a*" 1 - l)Ct_\ + (-^- - 1 ) CtX 



a — 1 



Finally, taking into account 1 + = a, the second member of §Z§ is 
bounded by 

(q p _ + a«ct.i + K - i)cri + a*c*:} < K - i)c* + a«C* n , 

q.e.d. 
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4 Lower bound 



Lemma 1 If n > p + q, then matrix Bp_ q<n has full rank over M. 

Proof. By invariance of rank with respect to transposition it is sufficient to 
consider case p < q (so, C% < C£). 

We are to show that the rows of B p ^ n generate the space M°". To be 
precise, we will prove that any vector (0, . . . , 0, 1, . . . , 0) with 1 in position P 
can be represented as a linear combination of rows of B pq>n . 

Let do, ■ ■ ■ , a p G M. Consider such linear combination of rows, in which Q- 
th row occurs with the coefficient aipngi- Clearly, such combination produces 
a vector with coordinate in position P' depending only on \P D P'\. Denote 
the value of this coordinate as b\ PnP i\. 

1. We are going to prove that a vector (b , . . . , b p ) T is the product of a 
vector (a p , . . . , ao) T and some constant upper triangular matrix H with no 
zeros on the leading diagonal. 

1.1. Firstly, check that b{ depends on a p _j (hence, the leading diagonal 
of H contains no zeros). Indeed, let P' C [l..n] and \P fl P'\ = i. Consider 
a row indexed by Q, Q fl P = P \ P', Q fl P' = 0. Such row exists in view 
of inequality n > p + q. The row has 1 in position P' and it occurs in the 
linear combination with the coefficient a p _j. 

1.2. Analogous argument shows that bi does not depend on a p -j if j < i 
(hence, all entries in H below leading diagonal are zero). Indeed, for any Q, 
\Q fl P\ = p — j, one immediately concludes that \Q fl P'\ > i — j > 0. So 
the Q-th row has zero in position P' . 

2. Therefore, for any vector b G 1R P+1 , in particular for the vector 
(0, . . . , 0, 1) we are interested in, there exists a vector a G R p+1 such that 
b = Ha. The vector a defines the required linear combination, q.e.d. 

Lemma 2 Let p> I, q > 1, n > p + q. Then 

L(B pqn ) > L(B pq _x n _i) + L(B p _i qn _i) + C n _^ p ' q \ 

Proof. The proof of the lemma is similar to the proof of Th. 4 in [TJ . Consider 
an arbitrary additive circuit ^ implementing B p q n . Write X = {xp \ n ^ 
P}, X x = {x P | n G P}. 

1. Consider the subcircuit of ^ which does not depend on inputs Xq. 
Particularly, it implements the set (p, q — 1, 0, [l..n — 1]) and consequently 
contains at least L(B p )g _i, n _i) gates. 

2. Calculate the number of gates in \1/ with both inputs depending on 
inputs from X\. These gates together form a circuit derived from \1/ by 
replacement of inputs from X by zeros. In particular, this circuit computes 
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(p — l,q,n, [l..n — 1]). Thus, the number of gates in question is at least 

L(Bp-l,q,n-l)- 

3. Now, consider the gates of \I/ with one input depending on X\ and 
another input not depending on X\. Denote as Y a set of sums of variables 
in X implemented by non-depending on X\ inputs of the gates. Note that 
\Y\ is a lower bound for the number of the considered gates. It can be also 
seen that Y generates the set {p, q, 0, [l..n — 1]) containing AVparts of sums 
implementing by \& and depending on X±. Thus, \Y\ > rkB Mi „_i. As follows 
from Lemma 1, ikB p ^ q ^i = C™ m } p ' q ^ . 

By putting estimates of items 1-3 together one obtains the required in- 
equality. 

Theorem 2 Let n > p + q and p < q. Then 

L(B p ^ n )>(q-p + l)Y J C k n -^ +q - 

k=0 

Proof. The proof is by induction as in Th. 1. Put the cases p = and 
p = q = 1 as a base of induction {L{Bi^ n ) > n — 3 evidently holds, see 
introduction). 

1. If p < q then by the Lemma 2 and induction hypothesis one has 
L{B p , q , n ) > Cl_ x + (q - p) £ C k n _ x + (q - p + 2) ]T C k n _, - 2*+* = 

k=0 k=0 
= (q-p+l)j2( C n-i + C k n --l) + (q-P+l)-^ +q = (q-p+l)J2 C n- 2P+q - 

k=l k=0 

2. In the case p = q use transposition property 

L(B PjP - ljn ) = L(B p - ljPjTl ) + C v n _ x - C'n_\, 

to obtain 

L(B PtP>n ) > 1Cl_ x - C p n Z\ + 4 £ Ct, - 2^ > 

k=0 

> ci_ x + 2 ]r cu -2 2p = ir c k n - 2 2 ^. 

k=0 k=0 

It completes the proof. 

Remark. In fact, Lemma 2 allows to deduce slightly stronger inequality 

L{B p , q , n ) > C* + + g - 2* + l)C k n - 2^ +1 . 

fc=0 
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06 a^HTHBHOH CJIO>KHOCTH O^HOH 

nocjie^OBaTejibHOCTH MaTpHD; * 

H.C. CepreeB f 



1 BBe^eHHe 



B HacToamefi paGoTe paccMaTpHBaeTCH cjiojkhoctb BbiHHCJieHHJi o^hoh no- 
cjieflOBaTejibHocTH GyneBbix MaTpnii; yHHBepcajibHbiMH KOMMyTaTHBHbiMH afl- 

,HHTHBHbIMH CXeMaMH, T.e. CXeMaMH H3 (pyHKHHOHajIbHblX SJieMeHTOB cjioace- 

Hiia Ha,n rpynnoii (Z, +)J3 Ba30Bbie noH2TH2 cxeM h cjiojkhocth cm. b [TJ H]. 

Cjio>KHocTb BbiHHCJieHHa MaTpniibi A a^HTHBHbiMH cxeMaMH Ha,n; (Z, +) 
o6o3HaHHM nepe3 L(A). PaccMOTpHM nocjie^oBaTejibHocTb n x n-MaTpnii; A n 
c HyjisiMH Ha rjiaBHofi ^HaroHajiH h e,nHHHH,aMH BHe rjiaBHoft ^naroHajiH. 
H3BecTHo, hto L(A n ) = 3n — 62, cm., HanpiiMep, [2J. 

B pa6oTe |5] npe^;jio>KeHa nocjie^oBaTejibHocTb MaTpHii, -B Pl(? ,n, Sojiee 06- 
niaa, neM A n , h nocTaBjieH Bonpoc o cjiojkhocth BbiHHCJieHHH MaTpHii, no- 
cjie^oBaTejibHocTH. MaTpnija B pqn HMeeT C£ ctpok h C% ctoji6u;ob: ctpokh 
q ■ HyMepyioTca noflMHoxcecTBaMH MHoacecTBa [l..n] moihhocth g, a crojiGiibi — 

no,a;MHo>KecTBaMH MHOJKecTBa [l..n] modxhocth p (3anncb [k..l] o6o3HaHaeT 
{k,k + 1, . ..,/}); Ha nepeceneHHH ctpokh Q h cToji6ii,a P ctoht 1, ecjin 
QnP = 0, hO - b npoTHBHOM cjiynae. 

PaccMOTpHM npocTefiHiHe npnMepbi MaTpHH, B p ^ n . Ltpn n < p + q MaTpn- 
u,a -Bp,g, n hbjihctch HyjieBoft. MaTpnija -Bi,i, n coBna,ziaeT c A n . B cnjiy chmmct- 

pHH -B Pl g,n = Bj p n . MaTpHHbl B p Q n H -Bo,g,n HBJiaiOTCfl COOTBeTCTBeHHO CTpO- 

koh h ctoji6h,om H3 Bcex e^HHHn;, nosTOMy L(B P fi^ n ) = C% — 1, L(-Bo,g,n) = 0. 



*Pa6oTa BbinojiHena npii cpHHaHCOBOft no/mep)KKe POOH, npoeKTbi 11-01-00508 h 11- 
01-00792, h nporpaMMH (pyH/jaMeHTajibHbix iiccjieflOBaHiiii OMH PAH «Ajire6paHHecKiie 

H KOM6HHaTOpHbie MeTOflbl MaTeMaTHHeCKOH KIl6cpHCTHKII H HHCpOpMaiTilOHHbie CHCTeMbI 

HOBoro noKOjienHa» (npoeKT «3a r a;a T iH onTHMajibHoro CHHTe3a ynpaBjiHioiirHx chctcm» ) . 
^sji. a/rpec: isserg@gmail.com 

1 A^miiTHBHaa cxeMa, peajiH3yioiiiafl HeKOTopyio MaTpiiny Hafl (Z, +), peajiroyeT Ty *;e 
MaTpiiny Hafl jiio6oii KOMMyTaTiiBHOii nojiyrpynnoii (S*, +). 
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OTMeTHM, hto corjiacHO npHHHHny TpaHcnoHHpoBaHHS (cm. [3]) cjiojk- 
hoctb MaTpnn; B pq ^ n h -B g , p , n no^HHHaeTCH cooTHorneHHio 

L(B q ^ n ) = L(B p ^ n ) + C^-C^. 

B paGoTe [5] noKa3aHo, hto L(B p ^ tn ) = 0((n p + n q ) logn). Mm ,n;oKa3bi- 
BaeM BepxHioio ou,eHKy 

L(B M , n ) < (a p - 1)C* + 

r^e a = 3+ 2 ■ ^ Ta oueHKa jiHHeftHa (h, kbk cjieflCTBHe, no nopa^Ky TOHHa), 
HanpuMep, npn nocTOHHHOM p h q < 0, 65n. 

To, hto npn no^xo^aineM BbiGope pig cjiojkhoctb MaTpHn, B p ^ n MoxceT 
6bitb Gojiee HeM jiHHeHHoii, ,noKa3biBaeT hh^khjis: oueHKa 



L(B p , q>n )>(q-p+l)J2C k n -2^ 



k=0 



cnpaBe^jiHBaa npn l<p<qmn>p+q. Ilo^cTaBjiHH pnq BH^a | — Q(y/n), 
nojiynaeM oueHKy L(B MjTl ) = Q(N log iV) , r^e N = C v n + C«. 



2 AjiropHTM 

BBe^eM HeKOToptie o6o3HaneHHa. IlycTb (p, q, So, S) o6o3HanaeT mhojkgctbo 
jiHHeflHbix KOM6HHan;HH uq = xs up, r A e Q C S, \Q\ = q. Mho- 

PCS\Q,\P\= P 

acecTBo (p, q, 0, [1..7i]) ecTb pe3yjibTaT yMHoxceHHH MaTpninj B p ^ qn Ha BeKTop 
nepeMeHHbix xp, P C \P\ = p. 

IlyCTb MHOJK6CTBO (p, q, 0, [l..n — 1]) BBIHHCJI6HO (CO CJIOJKHOCTBK) 

L(S Pj9)fl _i)). IIoKajKeM kbk bbihhcjihtb (p, g, 0, [l..n]). BbiHHcneHHe pacna- 
^aeTcs Ha Tpn nacTH. 

1. BbiHHCJieHHe yq, {1, n} fl Q = 0. 

1.1. Ha bxo^bi X{i}u5 cxeMBi, BBmHCjimoiHeft (p, 0, — 1]), noflaflHM: 
^{i}u5 + X{n}us, ecjiH 2^5, 
x Tu5 /, ecjiH S = [2..k] US' h (k + 1) £ 5, fc<p-l. 

Tc([l..fe]U{n}), |T|=fc 

SaMeTHM, hto b npHBe^eHHBix cyMMax Kaxc^aa: nepeMeHHas £{ n }us BCTpena- 
eTca pobho no oflHOMy pa3y, nosTOMy Becb Ha6op BbiHHCJiaeTca co cjiojkho- 

CTBK) Cfli. 
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1.2. PaccMOTpuM cpyHKHHOHnpoBaHHe bmxo^ob cxeMbi nocjie npeo6pa3o- 
BaHHH. IlycTB npeo6pa30BaHHJi HeKOTopbift Bbixofl peajiH30BBiBaji cyM- 

M Y HQ ^ (p, 0, [1..72 — 1]). ECJIH 1 G Q, TO (pyHKI^HOHHpOBaHIie Bbixo^a 
He H3MeHHJIOCB, T.K. He H3MeHHJIHCb BXOflH, OT KOTOpblX 3aBHCHT yg. EcjIH 

[l..k] n Q = 0, ho (fc + 1) 6 Q, r,ne 1 < k < p — 1, to b H3MeHeHHoii cxeMe 

BBIXOfl BBIHHCJIHeT cyMMy 

PnQ=0, |P|=p, ([l..fc]u{n})£P 

,U,o cyMMbi yg G (p, g, 0, [l-fi]) cyMMe (1) He xBaTaeT cjiaraeMbix xp, ([l..fc] U 
{n}) C P. HaKOHeii, ecjin [l..p] fl Q = 0, to b H3MeHeHHoii cxeMe paccMaT- 
pHBaeMbiii Bbrxo/j; npaBHjibHo BbiHHCJiaeT cyMMy yg G (p, g, 0, [l..n]). 

1.3. IIpH JIK)6oM k G [l..p — 1] BblHHCJIHM MHOJKeCTBO CyMM 

(p - k - 1, g - 1, [l..Jfe] U {n}, [jfe + 2..n - 1]}. 

TeM CaMbIM Mbl BblHHCJIHM Bee CyMMbi, ^OnOJIHHIOIHHe CyMMbi (1) flO CyMM 

H3 (p,g,0, [l..n]). 

CjIOJKHOCTb 3THX BblHHCJieHHH OHeHHBaeTCH KaK 

-k(-6p-fc,q-l,n-fc-l) ■ 

1.4. npn6aBHM cyMMbi, BbiHHCJieHHbie b npe^rbiiryrneM nyHKTe, k cyM- 
MaM (1). Cjio>KHocTb 3Toro inara paBHa nncjiy cyMM (1), T.e. Hucjry mho- 

JKeCTB Q C [2. .71 — 1] MOIHHOCTH g TaKHX, HTO [2..p] H Q 7^ 0, a 3TO HHCJIO 
paBHO C^_ 2 ~~ Cn-p-1" 

2. BbiHHCJieHHe yg, |{1, n} n Q\ = 1. 

2.1. B nocTpoeHHofl cxeMe paccMOTpHM bbixo^m, peajiHsyioiHHe cyMMbi 
HQ ^ (Pi <?) 0) [l-- n — 1])) 1 G Q (sth Bbixo/xbi peajiH30BbiBajiH Te ace caMbie 
cpyHKii^HH h ^o npeo6pa30BaHHii cxeMbi). KajK^oii Taxon cyMMe ^;o cyMMbi 
HQ £ (p, g, 0, [l-.n]), 1 ^ Q, n G Q, He XBaTaeT cjiaraeMbix xp, 1 G P, 
P C [I..71 — 1], a ^o cyMMbi yg, 1 e Q, n Q, em ne XBaTaeT cjiaraeMbix xp, 
JiG P, P C [2..n]. 

2.2. BbiHHCJiHM MHOJKecTBa (p— l,g— 1,1, [2. .71—1]) h (p— 1,5— 1,71, [2. .Ti- 
ll) co cjiojKHocTbio 2L(5 p _i i9 _i in _ 2 )- 

2.3. Cjiojkhm BbiHHCjieHHbie cyMMbi c cyMMaMH yg G (p, g, 0, [l..n — 1]), 
1 G Q. 3to Tpe6yeT 2C^l2 onepauHH. 

3. BbiHHCJieHHe yg, {1, n} C Q. 

3.1. 3aMeTHM, hto jiioGoe g-3jieMeHTHoe MHoacecTBo Q C [l.-Ji], {1, 7i} C 
Q, ynoBjieTBopaeT ycjiOBHio: [l..k — 1] C Q, n G Q, k ^ Q npn HeKOTopoM 
fc G [2..g]. 
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IlycTb k G [2..g]. B nocTpoetmoH cxeMe paccMOTpiiM Btixoflti, peajiH3yio- 
mne cyMMbit/Q G (p, g, 0, [l..n — 1]), C + ^ <5- (3to MHoacecTBo 
cyMM mojkho nHane 3anncaTb kbr (p, g — k, 0, [/c + l..n — 1]}.) Taxyio cyMMy 
mojkho ^oltojihhtb cyMMBi yQ G (p, q, 0, [l..n]), - 1] C Q, n G Q, 
k Q, ,no6aBHB b Hee noflxoflaniHe cjiaraeMBie ip, G P, P C [/c..n — 1]. 
/lonojiHJiiomHe cyMMBi o6pa3yioT MHoxcecTBo (p — 1, q — k, k, [k + l..n — 1]). 

3.2. IIpH jik)6om G [2..q] bbihhcjihm MHoxcecTBo (p — l,q — k,k, [k + 
l..n — 1]}. 3to BBinojiHHeTCH co cjiojkhoctbio 

i 

-k(-Bp-l,g-fc,n-fc-l)- 

k=2 

3.3. IipiiGaBHM cyMMBi 113 npe^Bi^ymero nyHKTa k no^Lxo^LHiuHM cyMMaM 
Z/Q £ (p> 9) 0? [l..n— 1]) corjiacHo n. 3.1. J\rr stoto TpeGyeTca: C^Z^ cjio^KeHtra, 
no HHCJiy pe3yjiBTaTOB . 



3 BepxHHH ou,eHKa 

PI3 on;eHOK npeflbLziyLuero pa3^;ejia BBiTexaeT cooTHonieHiie: 

L(B M , n ) < L(5 Ml n-i) + Cl_\ +CI- Cl_ p _ 1+ 

v 1 

+ L(B p -k,q~l,n~k-l)+ L(B p -i t q-k,n-k-l) , 



(2) 

^y-^p-l^-k^-k-l J , 
k=l k=l 

nocKojiBKy C«_ 2 + 2C*lJ + CT2 = C^. 

TeopeMa 1 IJycmb a = ^y^. Toada 

L(S M>B ) < (a> - 1)C* + a«C£. 

/[oKa3ameAbcmeo. YTBepjK^eHHe TeopeMBi oHeBHflHO bbiltojih6ho npn n = 
p + q h b cjiynaax p = hjih g = (cm. BBe^eHne). ,U,OKa>KeM ero fljis 
TpoflKH napaMeTpoB p,q,n b npe^;nojio>KeHHH, hto fljia Tpoex p',q',n', r^e 
p' < P, q' < 9, ^' < ra, oho yace ^;oKa3aHo. 

IIo^cTaBHM b npaByio nacTB (2) oueHKH 113 HtyiyKTHBHoro npe^nojiojKe- 
HHa. ^3,jih ynpomemiH BBiKjia^OK HcnojiB3yeM cooTHomeHHH: 

C« ~~ = + Cn-l + • • • + Cn-p-1 — (P + l)^n-l> 
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riocjie^Hee cooTHonieHiie no3BOJiHeT OH,eHHTb cyMMH b (2) keik 

k=l k=l \k=0 J 



V 



E < K- 1 - 1) E cTti + Q p :l I> fe < 

fc=l fc=l fe=0 



< k- 1 - 1)^:1 + (^y - 1) cr_\. 



OKOHiaTe jibHo , yHHTbiBaa, hto 1 + = a, npaBan nacTb (2) oi^emiBa- 
eTCH Kax 

(op _ i)c^_ 1 + + k - + < K - 1)C* + c*«C£, 

HTO H Tpe6oBajIOCB ^OKa3aTb. 

4 Hh>KH5151 ou,eHKa 

JleMMa 1 Pc/m n > p + q, mo Mampui^a B p ^ n UMeem nojmuu pans Had R. 

JJoKasameAbcmeo. B cnjiy HHBapnaHTHOCTH paHra othochtcjibho TpaHcno- 
HHpoBaHHH ^ocTaTOHHo paccMOTpeTb cjiynait p < q (npii stom C% < C%). 

^OKaJKeM, HTO CTpOKH MaTpHHBI B pqn nopojK^aioT npOCTpaHCTBO 

,ZIjih 9Toro noKaxceM, hto npoH3BOJibHbiH BeKTop (0,...,0,1,0...,0) c e,OH- 
HHn;eH Ha no3HHiiH c HOMepoM P mojkct 6bitb npe^cTaBjieH k&k jiHHeftHaH 

KOM6HHaU,HH CTpOK MaTpHHBI B p ^ n . 

IlycTb ao, . . . , a p e R. PaccMOTpnM jiHHeftHyio KOM6nHan;Hio ctpok, b ko- 
Topyio CTpoxa c HOMepoM Q bxo^ht c KoscpcpHirneHTOM a\p n Q\. Hcho, hto 
yKa3aHHaa jiHHeftHaH KOM6HHaHHH ^aeT BeKTop, y KOToporo Koop^HHaTa c 
HOMepoM P' 3aBHCHT tojibko ot |PnP'|, o6o3HaHHM ee 3HaieHHe nepe3 b\p n pr\. 

1. ^OKa>KeM, hto BeKTop (bo, • • • , b p ) T nojiynaeTcs H3 BeKTopa (a p , . . . , ao) T 
yMHOJKeHneM Ha HeKOTopyio nocTOHHHyio BepxHeTpeyrojibHyio MaTpniiy H, 
He HMeromyio Hyjieii Ha rjiaBHoii ^naroHajiH. 

1.1. IIpOBepHM, HTO bi 3aBHCHT OT a p _j (cjie^OBaTejIBHO, SJieMeHTBI Ha 

rjiaBHofi flnaroHajiH MaTpnubi H — HeHyjieBbie) . /leHCTBHTejibHO, nycTb P' C 
[l..n] h \P fl P'\ = i. PaccMOTpnM cTpoxy c HOMepoM Q, Q n P = P \ 
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P', Q fl P' = 0. Taxaa cTpoxa cymecTByeT b cnjiy n > p + q; b Hen Ha 

H03HHHB P' CTOHT eiXHHHH,a, H 3Ta CTpOKa BXO/XHT B JIHHeHHyiO KOMGnHaUHK) 

c KoscpcpHirneHTOM a p _j. 

1.2. AHajrorHHHoe paccyacflemie noKa3biBaeT, hto 6j He 3aBHCHT ot a p -j 
npn j < i (cjie^oBaTejibHO, 3ji6M6htbi hhjkc rjiaBHoii /jiiaroHajiH MaTpHHti 
H — HyjieBBie). B stom cjiynae npn jiioGom Q, \Q D P\ — p — j, HeH36e>KHo 
nojiynaeM, hto \Q D P'\ > % — j > 0. IlosTOMy Ha no3HHHH P' b cTpoxe c 

HOMepOM Q CTOHT HOJIb. 

2. TaKHM o6pa30M, fljia jiioGoro BeKTopa b G W p+1 , b nacTHocTH jijes 
HHTepecyiomero Hac BeKTopa (0, . . . , 0, 1), HaiifleTcs BeKTop a G TaKofl, 
hto b = Ha. 3tot BeKTop a h onpeflejiaeT HCKOMyio jiHHeftHyio KOMGHHanHio. 
JleMMa ^;oKa3aHa. 

JleMMa 2 Ilycmb p > 1, q > 1, n > p + q. Tozda 



/[oKasameAhcmeo. ^,0Ka3aTejibCTB0 stoh jicmmbi no^oGHo ^0Ka3aTejiBCTBy 
TeopeMbi 4 H3 p]. PaccMOTpHM npoH3BOJiBHyio a^AHTHBHyio cxeMy pea- 
jiH3yioniyio B p q n . 06o3HanHM X = {xp \ n ^ P}, X\ = {xp \ n G P}. 

1. B 3toh cxeMe paccMOTpHM no^cxeMy, He 3aBBC5inryio ot bxo^ob X . 
3t& no^cxeMa peajiH3yeT, b nacTHocTH, mhojkcctbo (p, q — 1, 0, [l..n — 1]) h, 
cjie^oBaTejibHo, co^ep>KHT He MeHee L(5 P](? _i )n _i) 3 jieMeHTOB . 

2. B cxeMe \I/ no/^CHHTaeM hhcjio sjieMenroB, o6a Bxojxa kotopbix 3aBH- 
cht ot nepeMeHHtix H3 MHOJKecTBa X\. 3th sjieMeHTti cocTaBjinioT cxeMy, 
nojiynaeMyio H3 hcxo/xhoh npn no^CTaHOBKe Hyjieft BMecTO Bcex nepeMeH- 

HBIX H3 Xq. IIoCKOJIBKy 3Ta CXeMa BBIHHCJIHeT, B HaCTHOCTH, MHOJKeCTBO 

(p — l,q,n, [l..n — 1]), to hhcjio paccMaTpHBaeMbix sjieMeHTOB He MeHbine 
neM L(Sp_i igift _i). 

3. PaCCMOTpHM SJieMeHTBI CXeMBI O^HH BXOfl KOTOpblX 3aBHCHT OT Xi, 

a ^pyrofl He 3aBHCHT. 06o3HanHM nepe3 Y mhojkcctbo jiHHeHHbix kom6h- 
HairiiH nepeMeHHbix Xq Ha He 3aBHcamHx ot X\ Bxo^ax paccMaTpHBaeMbix 
3 jieMeHTOB . 5Icho, hto \Y\ HBjiaeTCH HHscHeft ohchkoh HHCJia paccMaTpHBae- 
Mbix 3 jieMeHTOB . no nocTpoeHHio MHOJKecTBo (p, q, 0, [l..n — 1]) 3aBHCHuiHx ot 
X no^cyMM cyMM, peajiH3yeMbix Ha Bbixo;i;ax cxeMbi, 3aBHCHinHx ot Xi, co- 
ctoht H3 JiHHeHHbix KOM6HHaHHH cyMM Y. Cjie^oBaTejibHo \Y\ > rk B p>qn _i. 

CorjiacHo jieMMe 1, rk.B M) „_i = C,™"^' 9 ^. 

06T.e^HHHJi oireHKH nyHKTOB 1-3, nojiynaeM yTBepac^eHHe jicmmbi. 

TeopeMa 2 ITycmb n>p + qup<q. Tosda 




p 



L(B p , q , n )>(q-p+l)J2C k n -2 p 



k=0 
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floKasamejihcmeo. ,H,oKa3aTejibCTBo npoBe^eM HH^ryKirneft k&k b TeopeMe 1. 
B ocHOBaHne HHTryKirnn nojio>KHM cnyuan p=0np = g = l (HepaBeHCTBo 
L(Bx t i, n ) > n — 3 oneBH^Ho cnpaBe^jiHBo, cm. BBe^emie). 

1 . B cjiyuae p < q corjiacHo jieMMe 2 h npe^;nojio>KeHHio HH,zryKirHH HMeeM 

L(B Piq , n ) > C£_i + (q - p) CLi + (? - P + 2 ) E " 2 " +<? = 

fc=0 fc=0 

= {q-p+l)^{C k n _ l + C k n Z\) + {q-p+l)-2 P+q = (q-p+l)J2 C n- 2P+9 - 

k=l k=0 

2. B cjiyuae p = q, ncnojib3ys ToxcflecTBo npnHirnna TpaHcnoHiipoBaHHJi 



nojiyuaeM 



L(B PtP>n ) > 2CU - Cl_\ + 4 £ C n fe _! - 1 2p > 

k=0 

> CU + 2 ^ - 2^ = £ C k - 2^. 

k=0 k=0 

TeopeMa ^oxasaHa. 

3aMenaHHe. Bojiee aKKypaTHbie paccyjK^eHHs no3Bojis:ioT H3 cootho- 
ineHHa jieMMbi 2 BbiBecTH orjemcy 

HB M , n ) >C* + J2(p + q-2k+ l)C k n - 2^ +l . 

k=0 



CnncoK jiHTepaTypbi 

[1] JlynaHOB 0. B. AcHMnTorauecKHe oueHKii cjiojkhocth ynpaBjiaiomnx 
CHCTeM. M.: H3^-bo Mry, 1984. 138 CTp. 

[2] ManiKHH A. B. cjiojkhocth GyneBbix MaTpnu,, rpacboB h cooTBeTCTBy- 
ioiiihx hm GyjieBbix d^yHKirnii. ,H,HCKpeTHaa MaTeMaTHKa. 1994. T. 6(2), 
43-73. 

[3] Boyar J., Find M. G. Cancellation-free circuits: an approach for proving 
superlinear lower bounds for linear Boolean operators. arXiv:1207.5321. 



7 



[4] Jukna S. Boolean function complexity. Berlin, Heidelberg: Springer- 
Verlag, 2012. 618 p. 

[5] Kaski P., Koivisto M., Korhonen J. H. Fast monotone summation over 
disjoint sets. larXiv: 1208.05541 



8 



